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Hyperbolicity in a double-well potential
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Abstract. We investigate the dynamics of a particle in a double-well potential. There is a
critical energy greater than zero beyond which no localized motion is possible. For certain
energies smaller than the critical energy, the system can be shown to have a nonempty, bounded
invariant set. Conditions are found under which this invariant set is hyperbolic.

1. Introduction

For the dynamical systems theory the concept of hyperbolicity is of central importance (see
for example [1]). There are only a few systems for which this property can be proven
rigorously. In this note we consider a Hamiltonian scattering system with two degrees of
freedom. So far most model investigations have been concerned with arrangements of hard
disks or with potentials which are composed of repulsive parts [2, 3]. However, for a large
variety of physical scattering problems attractive potential regions play a dominant role.
We introduce a Hamiltonian system whose potential consists of two wells. This system can
be described by a map. For certain parameter values the map has a nonempty, bounded
invariant set. The investigation of this set is essential [4] to understand the scattering
behaviour of the system. In this note we derive a criterion for which the invariant set is
hyperbolic. A main tool is the construction of invariant sector bundles [5].

A concrete example is given, for which the dynamics on the invariant set is conjugated
to a full shift of finite-type.

2. The model

We investigate the motion of a particle of mass,in a model-potential which is given by

two radial potentialsy(r), with centres on the-axis atR, = Rpe, and R_ = —Rype,,

Ro > 0. The range of the potentiad, is finite, i.e. outside of this range the action of the
potential is negligible and the dynamics is that of a free particle. We measure lengths in
units of this range. Furthermore, we only consider the case that the ranges of the potentials,
v, do not overlap, i.eRy > 1 (see figure 1). For a fixed energy, > 0, the action of the
potentialv(r) is completely specified by the deflection functiex/) [6]:

o) = —2zfoo o (1)
P2 fom(E —vr) - &

where [ is the angular momentum of the particle andis the classical outer turning
point, i.e. the largest zero of the denominator. Note that time-reversal symmetry implies
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Figure 1. A sketch of the geometry of the system. The interior of the circles corresponds to
the regions of nontrivial interactions.

O() = —O(—Il). Here we are interested in attracting potential wells, i.e. the deflection
function is nonpositive. We restrict the discussion to the energy range beyond the orbiting
threshold. Furthermore, we assume that for the fikiteterval corresponding to nontrivial
scattering trajectories the deflection function is continuously differentiable. We only consider
potentials,v, for which the deflection function has a unique minimum. (This minimum is
called the rainbow angle (for examples see [6, 7])).

We setm = 1 and scale the time according to

1
f— 1. 2
>E 2
Outside the range af one therefore obtains for the norm of the momentum
Ipl = 1. )

Note that the angular momentum is equal to the impact parameter and that in view of (2)
changing the energy is equivalent to changing the unit of time.

We now discuss, how the well system can be described by a map. Suppose that the
particle leaves potentidl, i € {+, —}, with momentump. We denote the angle between
p and R; by 8; and the angular momentum with respectRp by /;. If the particle visits
potential j, j # i, the angle after leaving potentiglis given by

Bi =B —m —O()). (49)
For the angular momentum one easily obtains

lj =1; + 2RoSing;. (4b)
A necessary condition for visiting potentialis given by

;] < 1. (4c)

Furthermore, it is required that the radial momentum with resped; tis negative, i.e.

1—1?+2cosp; <O. (4d)
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Conditions (4) and (4l) combined are also sufficient for visiting potential

A triple (8;,1;,i) uniquely defines a trajectory of the system. On the other hand,
every trajectory which visits at least one well gives rise t08a I;, i)-triple. Therefore
all nontrivial trajectories of the well system will be taken into account, if one restricts
the attention to the system (4). Finite series(gf, I;, i)-triples correspond to trajectories
leaving the interaction region both in the past and in the future. Bi-infinite series belong
to trajectories staying in the interaction region for all times. Finally, forward-infinite
(backward-infinite) series describe trajectories which stay for all positive (negative) times
but leave the wells for negative (positive) times.

The last components of the triples yield an alternating series'®find—'s. Thus, the
only interesting components are the first and the second ones. We can describe the system
by the two-dimensional map

g, B=p-m-e) (58)
I' =1+ 2Rgsing. (5b)
This map has to be iterated until one of the conditions
<1 (50)
\/ﬁ +2cosB <0 (5d)

is violated. This violation corresponds to the particle escaping from the interaction region.
Formally, the image ofF is S* x R. Condition (%) enforces the restriction to the
l-interval [-1, 1]. Therefore the phase space of the system is the cylinder

r=s5'x[-11]. (6)

Trajectories remaining in a vicinity of the two wells for all positive and negative times
correspond to points il which stay in" under F" for all n € Z. In the following we are
interested in the set\, of these points.

3. A criterion for hyperbolicity

In this section we derive a criterion far being hyperbolic. First we give a condition for
which A is not empty.

Theorem 1.The set,A, is not empty if and only if the minimum of the deflection function
is smaller than or equal te-r.

In order to prove the theorem it is useful to introduce two transformations. The first is
trivial and serves for simplifying formulae. We define the angle-variable

The mapF now reads
o =a—7—0()
F: . (8)
I =1— 2Rgsina.
Because of the geometry of the system all pointa\ifulfill the condition
—n/2<a<m/2 9
The second transformation is given by
x =1

T: _ (10)
y =1—2RpSina.
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All points of A are mapped onto the squage= {(x,y)| —1<x <1,-1<y <1} by
T. For two consecutive point&r, ) and («’,1") of a trajectory inA, the x-component
corresponds to the old angular momentum and gheomponent to the new angular
momentum. In this sense the transformatibncombines two points of a trajectory in
A to one point inQ. Because ofx — y| < 2 < 2Ry the map

. <x — y)
o = arcsin
. 2Ro (12)

l=x

T-

is defined onQ and mapsQ ontoI'. Restricted toA andT(A), the mapsT and 7! are
each other's inversel' transforms the mag into

x'=y (12a)
y =y — 2Rosin (arcsin<x2;0y> - - @(y)) . (12b)

Consider a point inQ whose image pointx, y) under G" stays inQ and satisfies the
condition

G:

X T

) -remel 5 w

for all n € Z. We denote the set of all these points hy;. It is easy to show by direct
computation that the following diagram commutes:

a'(x,y) = arcsin(

A A
Tl TT? (14)
Ao - Ag

We now prove theorem 1.

Proof of theorem 1. Direct computation shows that drvalue with®(l) = = implies a
fixed point of F. By the intermediate value theorem such a valukeeists, if the minimum

of the deflection function is smaller than or equal-ter. Therefore, the stated condition
is sufficient for nonemptyA. To see that it is also necessary for us to look at the map
G. We show that for@(l) > —n the setAs is empty. SinceG is invariant under the
transformation

(x:)’)'—> (_Xv_)’) (15)
it is sufficient to verify that every point of
Qo={(x,y) € Qly 2 —x} (16)

leavesQ under some iterate df.
AssumeQo N Ag # ¥. We divide Qg into two parts
O1={(x,y) € Qoly 20,y > x} (17)
Q>={(x,y) € Qolx 20,y <x}. (18)
We show that bothD; N Ag and O, N Ag are empty, thus contradicting the assumption

Qo N Ag # 9.
First we consider, and claim that

1)
G(Q1NAg) C Q1N Ag. (19)
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(2) There is are > 0 such that for allx, y) € Q1N Ag:
vy >y+e. (20)

Note that this impliesQ1 N Ag = @, because for allx, y) € Q1 N Ag all images of
(x,y) are also inQ1 N Ag, according to (19). There is an> 0 such thaty + ne > 1 and
by (20) G*(x, y) ¢ Q. That is a contradiction tox, y) € Ag.

So we have to prove relations (19) and (20) in order to show ¢hah A is empty.
Inequality (20) implies (19): by (20) and (17) ¢f; one obtains for a poirr, y) € Q1NAg:

y>y+e=>0 (21)
furthermore with (12) the inequality
y>y+tezy=x (22)

holds. ThereforeQ, N Ag is invariant undeiG.
It remains to prove (20). For a poitit, y) € Q1 N Ag one obtainsy — y < 0. This

implies
L fx =Yy T
arcsm( R ) € [_E’ O]. (23)

Sincey > 0 it follows that®(y) < 0. Denoting the minimum of the deflection function by
®r one obtains

0>0(@() >0 > —m. (24)
Assuming@®(y) € [—r/2, 0] we conclude
- 3
a(x,y) = arcsin(x2R0y> —m —O()mod2r € B ;[ (25)

and condition (13) is violated. S@®(y) lies in the interval Pg, —m/2[. It follows that
—m — ©(y) as well asa/(x, y) lie in the interval /2, 7/2]. In this interval the sine
function is monotonically increasing, such that with (23) we obtain the inequality

y) - — ®(y)> < sin(—=m — O(y)). (26)

0
Since ®; > —x there is ane > 0 with —2RysSin®; > ¢. With (12) inequality (20)
follows:

. . . X —
sina’ = sin|{ arcsin
2R

y =y — 2Rgsin(a’)
>y — 2Rosin(—m — ©(y))
>y —2RpSin®g
>y+e. (27)

Having proven thafD; N A is empty, we now want to show the same 105 N Ag.
We consider the inverse af:

x'=x — 2Rpsin (arcsin<y2;x> i @(x)) (283)

0

G™1:
y = x. (280)

Note thatG~! can formally be obtained fron& by interchanginge andy, andx’ and
y’, respectively. The argument of the sine function ing2& given by

(y—x i (X =Y
arcsm( R ) -7 —0Okx) = arcsm< 2R ) . (29)

0 0
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Since this argument lies in the interval]z /2, 7/2[ one can prove in the same way as
above:

1)

GH(Q2NAg) C Q2N Ag. (30)
(2) There is are > 0 such that for allx, y) € Q>N Ag:

x'>x+e. (31)

This implies thatQ, N Ag is empty and we conclude:Ag = @, which proves
theorem 1. O

We now give a criterion for hyperbolicity.
Theorem 2.A has a hyperbolic structure if
-2
min (Ro|®'(I max | — |. 32
(ﬁ,l)eA( ol O > (B.heA (cosﬂ) (32)

To prove this theorem we show that there are invariant sector bundles [5,9]. We need
the following lemma.

Lemma. If there is an O< € < 1 such that for alkx, y) € A the inequality

da’ (x,y)

1+ ‘ZRO cosa’(x, y) =

<€ (33)

' (x,y)

‘1 — 2Rpcosa/(x, y) 3y

holds, thenA; has a hyperbolic structure.

Proof of the lemma. We will show that the constant sector bundles

S¢ = {& mlEl < elnl} (34a)
S: =1{E mlinl < €lél} (34b)
are invariant under the Jacobiahs; and DG 1, respectively. With
, oo’ (x, y) 1
r,(x,y) = S = (35)
X )2
2R\ /1 — (Tg)
and
, o' (x, y) -1 ,
() = T = -0 (36)
2k0f1- (52)
one obtains
0 1
DG,y = ’ ’ ’ ’ . 37
) <—2Ro costa(x, Y, (x, ¥) 1 — 2R Cosal (x, y))a (x, y)) 37
To simplify formulae we introduce the abbreviations
Hi(x,y) = 1—2Rocosa'(x, y))a, (x, y) (38)
Ha(x,y) = —2Rocosa’(x, y))a, (x, y). (39)
The hypothesis in the lemma now is given by
1+ |H
+IHl (40)

|Hy|
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Supposeéy, no) € S¥ and (§1, n1) = DG (&, no). At first we show that the)-component
will be elongated undeD G by at least a factor of /k:

[n1] = |H280 + Hinol
> |Hallnol — | Ha2||&ol. (41)

Since by definition (34) |no| > |&|/€ one obtains

1
1| = <|H1| - €IHzl) Inol. (42)
With (40) the inequality

1
Inil > Elnol (43)

follows.
By (37) &1 = 1o, and therefore

1
ml > —l&l (44)

i.e. (&1, m) € S¢. This proves the invariance of the bundle §34nderDG.
To obtain an estimate of the norm o, 71) we use (43) andép, no) € S* (i.e.
%ol < €lmol = €[&1]) to conclude

1
€1, m)[ = ~ (50, no)- (45)

Thus, we have shown thaf is invariant underDG and the length of a vector i is
elongated undeDG by at least a factor of /k.
In order to complete the proof of the lemma, the corresponding resu$t fand DG 1
has to be shown [5]. Due to symplecticity of the underlying system one may use a result
presented in [8]. There it is shown that for symplectic systems only one time direction has
to be considered. Here, we choose a direct way which is based on the reversible symmetry
of the well system. With
X =
J: Y (46)
y=x
we obtainG™! = JGJ. The relationDJS! = S implies: DG™1S! C S!. Since the
norm is invariant undeDJ one immediately obtains the desired result and the lemma is
proven. O

Proof of theorem 2. To prove theorem 2 we express the condition of the lemm@ji)-
coordinates. Using (35), (36) and (11) we obtain:

1
) = — 47
o (a, 1) 2Ro| COSA (47)
o, ) = ————— —@'()). 48
o) (o, 1) 2Ry[ OS] @) (48)

The left-hand side of (33) is given by:

14+ cosa’
- _ / cosa . (49)
‘1 — 2Ry cose//(x, y)%j”‘ ’1 4 ¢ 4 opocosa’ @ (1))

1+ ’ZRO cosa’ ¢ (x:)

| cosa|
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Note thate and«’ are contained in the intervald = /2, = /2[. Therefore, both cag and
cosa’ are larger than zero. By the lemma the invariant set has a hyperbolic structure if

coso’ cosa’
1+ <€ ’1 + 4+ 2Ro®'(I') cose'| . (50)
cosu cosu
For ®'(I") > 0 this inequality holds if and only if
coso’ coso’
1+ <€ (1 + + 2RO’ (") cosd) ) (51)
cosu cosu
With (7) this is equivalent to
e—1 1 1
Ro®'(I' . 52
0 ()>( 2¢ )(cosﬁ’+cos/3> (52)
For ®'(I") < 0, (50) is satisfied if and only if
coso’ 1 cosa’
1+ 4+ 2Ro®' (') cosa’ < —= (1 + ) . (53)
cosu € cosu
This is equivalent to
e+1 1 1
Ro®'(I . 54
0 ()<< 2¢ )(cosﬂ/+cosﬂ) (54)

Note that both sides of (32) are defined sidcés compact and the occurring functions
are continuous. If (32) is satisfied then there ig & 1 with

-2
min (Ro|©®’( max | — |. 55
i (RO > e (Cosﬁ) (55)
With the definitione = 1/(2u — 1) the relation O< ¢ < 1 holds. Hence, for alig, ) € A:

Ro|®'(1)| = min (Rol®" (D))
B.heA

-2
> @ max ()
(B.heA \ COSP

l1+€ 1 1
> — . 56
2¢ (cosﬁ/ + cosf}) (56)
Since(1—¢) < (1+ ¢), relations (54) and (52) prove the theorem. |

Verifying condition (32) for a given system is much easier than verifying, for example,
condition (33). In (32) only projections onto the coordinate axes have to be considered
which is a great advantage. To elucidate our results we give an example in the following
section.

4. An example

As a deflection function we choose
3V/3
o =3 2
0 1> 1
with £ > 0. The rainbow angle is given bykx. For this deflection function the inverse

scattering problem can be solved. As shown in the appendix, a potential corresponding to
(57) is given by

(r(y), v(y)) = (ye VA2 11 @V3aA-rD2)) (58)

3
k(% - Dr <1 57)
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Figure 2. Potential corresponding to the deflection function (57). From top to bottom the
potentialsv(r) for k = 0.75, 1.0, 1.25 are shown.
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Figure 3. The setsA_ and A for Rp = 1.1 andk = 1.9.

with y € [0, 1] andv(r) = O for r > 1. Figure 2 shows the potential for several values of
k. Note that the potential depth is a monotonically increasing functiok. ofhis means
that one can interprete increasik@as decreasing energy.

Fork = 1.9 and Ry = 1.1 figure 3 shows the set\_, of points in[" which have at
least one image point undet in T, and the setA, of points which have at least one
preimage point inC. A is contained in the intersection of these two sets. Figure 3 gives
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mn/2 m 37/2
Figure 4. The partl™ of .

rise to the rough estimate that the absolute valudscoimponents of points i are either
greater than 0.7 or smaller than 0.35. Furthermore,gf@mmponents lie in the interval
[0.67, 1.47], such that by inserting the limiting values we obtain the estimate

min (Ro|®'())|) > 8.01 > 6.48 > max <_2) . (59)

(B.hHeA (B.heA \ COSB
Hence, for the chosen parameter values the system is hyperbolic by theorem 2.

We now discuss the structure of. The g-components of points in the invariant set

are contained in the intervakr[2, 37/2]. In figure 4 the parC = [r/2, 37/2] x [-1, 1]
of " is shown. The four vertical stripes correspond to points whose image points Bnder
are contained ifi", the four horizontal stripes correspond to points which have at least one
pre-image point inC. Note thatA is contained in the intersection of the horizontal and
vertical stripes. From left to right the vertical stripes are mapped onto the horizontal stripes
from top to bottom. Since the horizontal (vertical) boundaries of the vertical stripes are
mapped onto the horizontal (vertical) boundaries of the horizontal stripes, it can be shown
by standard arguments, as discussed for example in [9], Ahat a Cantor setand the
dynamics onA is conjugated to the full shift on a symbol space with four symbols.

5. Concluding remarks

It is easy to generalize the above results to a system consistingveélls whose centres

form a regularN-polygon and the distances of which are large enough such that on any
straight line there are at most two wells. In the case of hyperbolicity a complete symbolic
dynamics can be introduced. With respect to this symbolic dynamics the model discussed
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above exhibits a rich behaviour. A detailed discussion of this symbolic dynamics and its
parameter dependence is the topic of a forthcoming paper. We close with the remark that
by using the technique presented in section 3 it is an easy task to derive a criterion for the
hyperbolicity of the model introduced by Troll and Smilansky in [11].

Appendix

In this appendix we solve the inverse scattering problem (57). The method is discussed in

[7].

In our scaling the potential is identically zero for> 1. Thus, we obtain from (1):

o) = —2f (60)
/(1 20 _
e / / (61)
1 ;2 P2 /<1 20 _ 1
= 2arccog — 2 / (62)

[ A=2v(r)) 2v(r))

A main problem in solving the integral is the implicit dependence of the lower integral limit
from v. To get rid of this problem we introduce new variables:

y= 2 (63)
B 1
T A =2vr)r?’

Since purely attractive potentials are given fof) < 0 for all » and dy(r)/dr > O for
r €]0, 1], we havex € [1, oo[ and dv/dr < O for r €]0, 1[. With (63) and (64) by (62) one
obtains:

(64)

1 Jx dr(x)

1
®(y) = 2arccos— — 2

65
JY mr(x) dx (65)

With

W dr(x)

gx) = _m dx (66)

and
O®y) = —%k(y 22—y 2):1 + aI’CCOSi (67)

vy
we obtain:
A(y) = /ydx LCYN (68)
1 VY —X

This is an Abelian integral equation with the solution [10]:

1{ 6a o C) d
g(x):n< ) +/1 (v dy ) (69)

Vx—1 dy JVx—y
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A short calculation yields:

1 v x 1
= 7
g(x) = 2[+3\/§k o (70)
By (64) and (66) the following relation betweerix) andv(r(x)) holds:
dind— 200 _ AN 1 1, 20 71)
dx dx x Jx
Equation (70) implies:
In1-2 VJx =1
dind = 200N _ 5 g v =1 (72)
d}C _xé
Taking into account that(r(x = 1)) = O we obtain by integration:
v(r(x) = (1 — VFVT, (73)
From (64) the parametrization ofnow immediately follows
_ e V3D
r(x) = — (74)
f

The last step is to defing = 1/./x.
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